has shown that a commutative ring with identity is semiperfect if and only if every simple right module has a projective cover. The purpose of this note is to show that the noncommutative version of Koh's characterization holds and to characterize right perfect rings as those for which every semisimple right module has a projective cover.
Proof. The "if" part is trivial. If P -5> M->0 is a projective cover of Mr, then iC = Ker(a) is small in P, so KQJ{P)=PJ{R)=0, so a is an isomorphism and the "only if" part follows.
Lemma 3. If R is a ring with J(R) =0 and every simple right Rmodule has a projective cover, then R is semisimple. {Here, semisimple means semisimple with minimum condition.)
Proof. The proof is essentially in the proof of [l, Lemma 2.5], but it will be given here for completeness.
Let 5 be the right socle of R, i.e. 5 is the sum of all simple right ideals. If S^R, then S is contained in a maximal ideal M. By Lemma 2 and the hypothesis, R/M is projective, so M is a direct summand of R. Clearly, this contradicts that SQM, so S = R and the lemma follows. where ß is canonical and a* exists since P is projective. Since 7<"er(a*)
ÇKer(a), it follows that Ker(a*) is small in P. Ker(/3) =7+7/7 which is the image 7 by the canonical map R-^R/I so 7+7/7 is small in R/I by Proposition 1 (b) and the fact that 7 is small in Rr by Nakayama's Lemma [3, Example 14, p. 93]. Since a is onto and Ker(/3) is small, it follows that P ?X R/I->0 is a projective cover of R/I, thus every cyclic right i?-module has a projective cover, so R is semiperfect by [ By uniqueness of coefficients of the x,-the coefficients of x¿ are zero for i>l and fi = l. But ri = l implies r2 = ai, implies r3 = a2ai and so on. rn = an_i • • ■ a2ai and a"r" = 0 so / is right F-nilpotent.
